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SITMNARY. In this note the Waring distribution is charactcrized

by the following property. For a positive integer-valued

raindom variahle 'K, P(xur) =prr1,2,..., and with a finite

mean V define two new random variables Y and Z by

P(Yinr) - q + apr)/(p+a)
k-r+1

P(7%r) = i' a (r+b ,r(+'

where aQO and b are constants with b-a4-1.>. Then Z and Y

truncated at 0 have the same distribution if and only if X has

a warinz distribution.

Lot X bc a pos~itive integer-valuci" random variable

(r.v.) with

P(Yzr) = pr il?.. 1

Lect X have a finite mean~j One can define two new

classes of r.v!s Y and Z by

P(Yar) = q r a Pk 48P )/(Iu+) ( uOl,).

kar+1
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r p ( 7 - r ) - ( -b ) i u b ) , r , , . . , ( 3 )

where a>O and b>-l are constants. tinh:ihutions of' the tyre

(2) have been define,: and studied in tho litcratur-:. '

Johnson and Kotz (o109,p.261)'. It is nritura] to ank: 1.,)r

what distributions X,Y and Z arc essentially the . v:&?

Since Y takes the values 0,1,..., while 7 the valuc.: ,

it is necessary to truncate Y at 0 , and then it turns 'out

that the. above propcrty is a unique proper ty of thc. V'arin'

Oistribution. For our purpos z we define the Warinl distribu-

tion of Irwin (1963) by

where

X-c~l C>0;

and
c[r]= c(o- i,) ... (c+r-1) ,r=1,2,..., c [o] I

We are now ready to characterize the Warinq distribu-

tion (4):

Theorem: L-t X be a positive irtger-valued random variab1c

given by(l) wit:, a finite mean w Define Y and+ 7 by (2)

and (3) respectively for some constants a>O, b satisfying

b-a+l>0. Then Y truncated at 0 has the same distribution

as 7 if and only if X has the Waring distribution(4).
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Proo, "Only if,' part: Lot q ranc q' hc givon by (7)

an~d (3) for r~ome a>O anc' b--a+l>O with q' (Iq --1

!'hen substitutino for the p's in P') from (1) c'have

={(+1-),/( 1+ a) ; q/(k+b) + aqo'/(r+b) I r=1,2,. ..

(5)

(P -a) r-0,

Frcm (5) we obtain

r - + [qr+ 1/(r+!+b) + a{ q;r b)-q'r+ 1/c(r.+a+b)J Gi +b)/(i+d)

from which we got tl:.e recurring relat..Pn

q;, (r+b-ax) (r+b+l) C'{ (r+b+'+;,-Ax) (r+b)) (6~)

wh.ere

x - ~+b)/ (P (+a) (I-q 0 ) (p (~+b)/(v +a-1) (7)

Equation (6) yields

=(r4b-ax) .. (1+b-ax) (r+l.#M C
qll (r+1+b+x-ax) ... (?+b+x-ax) t1+h)

However, from (S) arid the assumed relation 7' 0(1-q0 ) -q it.

follows that



cij q0 (.'+b)/ f((l-q0) (l+h+x-ax) ) q

Finally from (3) ,(S)-(9) we obtain

~r-11

Iwhich is Warino (4) w ith
c -(l+b-a.<) and Xm (l+h+x-ax),

It is easily scrn fr,-s ( )-(7) and tne a-ssu'-.ptirn b-a41>n C~a

c -l-)(b-a+l)/(I+a-l)>O, and since Y>l we also have A-c-xl.

'IfC Part: Lct the p's be giv'-n by 14). Ther using tht

~ p~r~ior ('-~I rr Lr+Q.r which is vaidc

forAc~nwe obtain -

from which an' the,~ f-ict 1-.h.tu~c/(\-c-J) I one could easily

v..rify that q' , -e I a whc re q , 'are give-n by (2)r r Vr r r
.irnd (31 with i: b-+)(c)*b arbitrary but h-c+1>.

Since A-c is assumced to bre greater than 1, wc, have for thr,

above a and b that ab-c~l or O<c<!-a+l. This completes the

proof of thQ th-.,orQ-n.

b'otQ that ouc th-'orom cuve rs ttrw: charact,-rization of t).

Yulc din'tr ibution: 'n thk' "Only it' oart th, Yulk. Iictri .jtioni

corr~sprinds to th- c,--,. a~b-O an," in th: 'if" part to) c- 1.



rhur. is, in fa:ct, a certain corinectif.an to thu chaira-ct-r imtion

of thu Yule dlistiibution ~jivk.n by' "rishnnji (1970).K stt

showced thit X h,-as th- Yulc distributio.

P(xr) =(1~r/f(+~(+) ('r -,, (1

wher.*. d-1>0l if and only if - and the gr--atcst intccu. r in UZ

trucatcJ at 0 h.-,v,. th,.snim- distribution. H1W.c U i-, a ur- i form

r.v. on (0,I) inCILpcnh.nt].y distrbute of X. Ilow if in tho

"Only if" part of our theorcm we take a=b-O, (5) will reduce

to

-kir+lk ,r0,,.

which is P( [TizJ =r) as has bcen shown by vrishnaji. Vere

U is unifor. on (0,1) Oistribufcd irli.ponclentlyof 7. (and

hcnc,. of X) anclyjdenotcs th. qrcatest into9tr in x. Thus

Krishnaji's r~.sult as ap-plied to Z and LUZ] yields that

7has the Yule, cistribution (11), and X in turn has thk.

Yule distribution (A) with c-l. Of course, our "Only if"

part gives the same result.

In



Proc'~~.'i~c -.he irnturnn-cirr-! "v':q:x: ium On FP zr iE ; .r i:)t iCYs,

IKri-.haji, ".. 1970). A Charictrstic copcrty of t" Yul(!(2i';Lrl- n

6~,raia 3.-r
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P(Y=r) q C . Pk + apr)/(.+a) "

k-r+l
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